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Abstract
In this article, the application of Lattice Theory is discussed to establish a theoretical foundation for timing analysis
with crosstalk. It is shown that the solution to the problem is to use x points on a complete lattice. Based on that, the convergence
of any iterative approach is proved in general. It is also shown that, starting from different initial solutions, an iterative approach
will reach different x points. To reach the least x point, it is needed to start from the best case solution and that which starts from
the worst case solution, will always reach the greatest x point.
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Introduction
Crosstalk is a major problem in IC design. Crosstalk can affect the behavior of a circuit in two ways:
i Introduce noise between adjacent wires;
ii Alter the delay of a switching transition.
This paper is organized as follows, In section 2, the general timing analysis is formulated as computing a x point
of a mathematical transformation. Section3 discuss Sapatnekar (2000) which shows that multiple x points exist in
the system. Section 4 establishes the fact that the solution space forms a complete lattice, proves the convergence of
any iterative approach and characterizes the relation between initial solution and final fixpoint.
Fixpoint computation
Mathematically this means that it may be a scalar value, a vector, or even a function of time (representing the
whole wave form). A variable xi is used to represent each timing information on a point i. Furthermore X is used to
represent the vector (x1,x2… xn), that is, the timing information for the whole circuit.
Actually, the timing information on point i is only directly dependent on a subset of other points (i 1, i2,… ik).
This means we can compute xi by
xi = ti(xi1,xi2,…xi3),
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where (ti is any delay model used to derive the timing information on a point from that on its dependent points.
When all these local transformations are put together, a transformation for the whole system is got which can be
written as
X = T (X)

(1)

A solution to the timing analysis is an X which satisfies the above that is a fixpoint of T.
When crosstalk effects are included in timing analysis, besides the fanins, the timing information on point i also
depend on the timing information on coupled points. For the simplest coupling case shown in figure 2.1, we have
xa = ta(xia, xb)
xb = tb(xib, xa)
As it can be seen, a cycle is formed here because of the mutual dependence of x a and xb. Because of this, the
transformation T becomes very complex in the presence of crosstalk.
For a complex transformation T, iterative method may be the only possible way to find its fixpoint. It
works as follows. First, an initial solution X0 is guessed, then the new solutions are iteratively computed from
previous solutions X1 = T(X0),X2 = T(X2),…,Xn = T(Xn-1) until we find a fixpoint. To the best of our knowledge, all
previous work in the literature uses iterative methods to solve timing analysis with crosstalk.
Most of the previous works provide convergence proofs for the approaches. Gross et al (1998) show the
convergence based on the approaches similarity to waveform relaxation. Lelarasmee et al (1962), Saptnekar (2000)
and Arunachalam et al (2000) base their convergence arguments on the monotonic shrinking of the switching
windows. However, none of them study the uniqueness of their solutions. As it will be shown in the next section,
uniqueness is not guaranteed by convergence and simply finding one x point is not enough.
Multiple fixpoints
Since it is not possible to study an abstract transformation T, results of Saptnekar (2000) is used which is the
simplest among existing work, as our study case.
Saptnekar (2000) considered the delay computation in the presence of crosstalk for a set of wires within a
routing channel. For each driver, a switching window [T min, Tmax] signifying the range of switching time at the input
of the driver, and a source resistance, Rd are specified. The intrinsic and coupling capacitances of a wire are
computed from the routing. Then coupling capacitances are modeled by effective capacitances to the ground and
delays are computed by Elmore delays. The value of an effective capacitance is dependent on the switching time of
the two coupling wires. Given a coupling capacitance Cc between two wires, if they switch at the same time and in
the opposite direction, then an effective capacitance of 2Cc is used; if they switch at the same time and in the same
direction, then an effective capacitance of 0 is used; if they do not switch at the same time, then an effective
capacitance of Cc is used. However, in static timing analysis, a range of switching time is computed. Thus the worst
case analysis is used, which assumes that any switching within the range is possible. The algorithm to compute the
wire delays works as follows. First, initialize a switching window on each wire such that the minimum and
maximum time are computed by using 0 and Cc as effective capacitances, respectively. Then the maximum time for
2
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each wire is updated using effective capacitance of Cc or 2Cc based on whether switching windows are overlapping.
Similarly, the maximum time for each wire is updated using 0 or C c. These two updates are repeated in an
alternative fashion until there is no further change.
An example is used to show that multiple fixpoints exist for this transformation. In the example, only two nets a
and b are shown in Figure 1.
They couple with each other with a capacitance of 10 units. The nets are identical with the same driver of
resistance of 10 units and the same load capacitance of 1 unit. Suppose the maximum and minimum arrival time for
signal ia, that is Tmin(ia) and Tmax(ib), be 0 unit and 1 unit respectively. Similarly let T min(ib) = 10 units and Tmax(ib) =
11 units. Elmore delay is used to compute the delays.

Figure 1: Timing Analysis with Cross Talk

According to the algorithm, the initial switching windows of wires are computed by using effective capacitance
of 0 for minimum time and that of Cc for maximum time. That is [Tmin(a), Tmax(a)] = [10, 11] and [Tmin(b), Tmax(b)] =
[20, 121]. Now their switching windows overlap, thus updates are needed. We get [T min(a), Tmax(a)] = [10, 211] and
[Tmin(b), Tmax(b)] = [20, 221]. Since there is no update needed, the approach converges to this solution.
But if it is assumed that there is no switching window overlap at the beginning, C c can be used as effective
capacitance both for the minimum and maximum time. In this case [T min(a), Tmax(a)] = [110, 111] and [Tmin(b),
Tmax(b)] = [120, 121] are used for initial solution. Since it is proved that no update is needed, thus it is also a
converged solution.
This example shows that there are more than one fixpoints in Sapatnekars model, and starting from the different
initial solution, different fixpoints may be got. A similar argument can be made to prove the existence of multiple
fixpoints in other models.
Solution space from a complete lattice
As it is already observed from the previous section, there may be multiple fixpoints for a timing
transformation T.
Since complete information is not used (functionality is not used), uncertainty is unavoidable in static
timing analysis. This means that the timing information that is computed on each point is set representing the
possible switching, instead of single switching. The result assures the users that the real (physical) switching is one
3
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in this set of switching’s but which one is not known. A set of switching’s can be represented by a switching
window and having a slew in a range of slew rates such that any switching falling within the window and having a
slew range is in the set. But other representations are also possible.

Figure 2: Subsets of a given set form a complete lattice
Now consider the family of all sets of switching at a point. The inclusion relation (that is ) forms a partial order
on the family. It is
i Reflexive: A

 A;

ii Antisymmetric: 4A
iii Transitive: A

 B  B  A  A = B;

 B  B  C A  C

Actually, the sets of switching on a point are subsets of the whole switching set which consists of all possible
switching. According to the lattice theory a partially ordered set forms a complete lattice if any subset has a least
upper bound and a greatest lower bound for its elements. In fact, the family of all subsets of a given set with
inclusion relation forms a complete lattice. Given a set S = {a, b, c}, the partial order of inclusion on its subsets can
be represented by the Hase diagram shown in figure 2.
Here, the two sets within the inclusion relation are connected by an edge, and the lower set is included in the
higher set. Timing information of a circuit is a vector of timing information on all points. The partial order on each
point can be extended point wise to get a partial order on vectors : two vectors A(A1,A2,…, An) and B =
(B1,B2,…,Bn) satisfy A

 B if and only if Ai  Bi for all 1 < i < n. It can be shown that the vectors with such a

partial order also form a complete lattice.
Now consider a transformation T. In static timing analysis, it works on a complete lattice we defined above, that
is, it transforms a vector of sets of switching to a vector of sets of switching. We say that T is a monotonic (or order
preserving) transformation when, for any vector of subsets X and Y , if X

 Y then T (X)  T (Y ). The

monotonicity of transformation T is based on the monotonicities of its member transformation t1, t2,…, tn which
must be true for any reasonable static timing analysis. Otherwise, it means that we can have fewer possible
switching at a point while there are more possible switching at its fanins and coupling points.
4
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Given a subset S of element in a complete lattice L, we use  S and  S to represent the least upper bound and
the greatest lower bound of elements in S, respectively. The existence of a x point in our system is guaranteed by the
following theorem due to Knaster and Tarski (1990).
Theorem 4. (Knaster Tarski). Let L be a complete lattice and T : L  L an order preserving map. Then

 x  L / x  T ( x) fix (T ),
where fix(T) is the set of fixpoints of T .
But it is not feasible to use the above theorem to compute a fixpoint since it is not feasible to compute the set

x  L / x  T ( x). Instead, iterative method is usually used (also called successive approximation) to find a x
point. That is, an initial solution X0 is first selected and
X1 = T (X0), X2 = T (X0), iteratively computed in the hope of finding an Xn such that Xn =T (Xn). But the hope
cannot be fulled by starting from any initial point. Fortunately the bottom and the top elements are good candidates
for that.

 are used to represent the bottom and the top elements of our
complete lattice, respectively. That is,  = {0, 0,…, 0} and  = {P1, P2, …, Pn }are available where Pi is the set of
all possible switching on point i. Since T (  )  T , based on the monotonicity of T ,
Following a tradition in lattice theory,  and

T ( )T
T 2(  )  T (  )
T 3(  )  T 2(  )
Therefore a descending chain T
chain 

 T (  )  T 2(  )… is available. Similarly, starting with  an ascending

 T (  )  T 2(  )… is available. If the chain has only finite elements, which is true on any finite

solution space, the process will finally reach a x point. The property about
and 
X0

 and  that are used are : T (  )  T

 T (  ). Therefore, any solution X0 such that either

 T(X0) or X0  T(X0) can be used as an initial solution to reach a x point. If x0  T (X0), we get an ascending

chain; if X0

 T (X0), we get a descending chain.

The case with infinite chains is more complex. When chains are in finite, stronger requirement are needed on T
for them to converge to fixpoints.
Definition 4.2. A function T : L

 L is or continuous if for any chain C, T (  C) =  {T (c) / c C}, or

equivalently T (  C) =  T (c). If T (  C) =  T (C), T is called and - continuous.
It is easy to check that an orcontinuous (or andcontinuous) function is order reversing.
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Theorem 4.3. If T is or continuous, then the least fixpoint of T is  n  0T n(1), if T is and continuous, then the
greatest fixpoint is  n  0T n(T ).
When a set of switching is represented by switching window, the continuity on the order coincides with the
traditional continuity on real functions. That is, a continuous transformation will map a small change in input
windows to a small change in output windows. This is also generally true for common transformations.
The following theorem shows that if x points are found through the above method, they must be the least and the
greatest x points.
Theorem 4.4. Let L be a complete lattice, let T: L  L be an order-preserving map and define

 :=  n  0T n(  )and  :=  n  0T n(T ).
1. If   fix(T ), then  is the least fixpoint;
2. If   fix(T ), then  is the greatest fixpoint;
Conclusion
The theory of posets and lattices has many practical applications in Timing Analysis with cross talk. Most
of the result of Viswanthan et. al. (2006) is extended to many practical applications in distributed computing. For
example, the concepts of Zeta Polynomial and Generating functions of posets, modular lattices, geometric lattices
etc.
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